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lO , Abstract. We show that S'-arithmetic lattices in semisimple Lie groups 

with no rank one factors are quasi-isometrically rigid. 
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■ 1. Introduction 

o' 

Cocompact lattices in semisimple Lie groups over local fields with no rank 
one factors are quasi-isometrically rigid. This was shown by Kleiner-Leeb 
|K-Lj in general, and Eskin-Farb |E-F Ij later gave a different proof in the 
case of real Lie groups. 

Eskin then applied the "quasiflats with holes" theorem for symmetric 
I spaces of Eskin-Farb |E-F Ij to prove that any quasi-isometry of a non- 

cocompact irreducible lattice in a real semisimple Lie group with no rank 
i/^ . one factors is a finite distance from a commensurator |Esj . As a consequence, 

I any such lattice is quasi-isometrically rigid. Basic examples of such lattices 

include SLn(Z) for n > 3. Dru^u has given another proof of Eskin's theorem 
Tjlj- , |Drj using asymptotic cones and the results of |K-Lj . 

' Eskin's theorem has a place in a larger body of work of Schwartz, Farb- 

r~| ■ Schwartz, and Eskin. In particular, it has been shown that any quasi- 

I isometry of an irreducible non-cocompact lattice in a semisimple real Lie 

^ ■ group, which is not locally isomorphic to SL2(M), is a finite distance from 

a commensurator ( |Sch Ij . |Fa-Schj . |Sch 2j . and ^ij); see for a full 
account. 



> 



^ ' While the theorem of Kleiner-Leeb applied to cocompact S'-arithmetic 

^ ! lattices in semisimple Lie groups with no rank one factors, the question of 

quasi-isometric rigidity for non-cocompact S'-arithmetic lattices remained 
unexplored for a few years. The first account of quasi-isometric rigidity for 
non-cocompact S-arithmetic lattices (and the only account aside from this 
paper) was given by Taback |Taj . Taback's theorem states that any quasi- 
isometry of SL2(Z[l/p]) is a finite distance in the sup-norm from a commen- 
surator. Thus, Taback's theorem provided evidence that quasi-isometries of 
S-arithmetic lattices could be characterized in the same way as their arith- 
metic counterparts. 
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Following the work of Eskin, we apply the quasiflats with holes theorem 
of |Wlj for products of symmetric spaces and Euclidean (affine) buildings 
to show that non-cocompact 5'-arithmetic lattices in semisimple Lie groups 
with no rank one factors are quasi-isometrically rigid. Examples of such 
lattices include SLn(Z[l/p]) and SLn(Fg[t]) for n > 3, where ¥q[t] is a 
polynomial ring with indeterminate t and coefficients in the finite field ¥q. 
(See Section 5 for more examples.) 

As a special case of our results, we show that any finitely generated group 
quasi-isometric to SLn(Z[l/p]), is in fact isomorphic to SLn(Z[l/p]) "up to 
finite groups" as long as n > 3. 

Our proof also shows that cocompact lattices in semisimple Lie groups 
with no rank one factors are quasi-isometrically rigid, thus providing a uni- 
fied proof of the theorems of Kleiner-Leeb, Eskin-Farb, and Eskin. In par- 
ticular, we give a new proof of the theorem of Kleiner-Leeb — a proof which 
does not use the theory of asymptotic cones. 

Summary of definitions to come. In order to state our results, we briefly 
provide some deflnitions. We will expand on these definitions in Section 2. 

For any topological group H, we let Aut{H) be the group of topological 
group automorphisms of H. 

For any valuation u of a global field K, let be the completion of K 
with respect to v. If S" is a set of valuations of K, then we let Os < K he 
the ring of S-integers. 

We call an algebraic -ftT-group G placewise not rank one with respect to 
S if Ky — rank(G) ^ 1 for all v £ S. We denote the adjoint representation 
by Ad, and we let G be the direct product of the groups Ad{G){Ky) over 
all V G S for which G is i^^j-isotropic. 

Last, we let QI{G{Os)) be the quasi-isometry group of G{Os), and we 
let Comm(G(C'5')) be the commensurator group of G{Os)- We warn the 
reader here that our definition of Comm(G(C'5)) is slightly atypical (see 
Section 2). 

Quasi-isometries of 5-arithmetic groups. Our main result is 

Theorem 1.1 Let K be a global field and S a finite nonempty set of in- 
equivalent valuations containing all of the archimedean ones. Suppose G is 
a connected simple K-group that is placewise not rank one with respect to 
S. 

(i) If G is K -isotropic and K is a number field, then there 
is an isomorphism of topological groups: 



QX{G{Os)) = Comm{G{Os)). 



QUASI-ISOMETRIC RIGIDITY OF HIGHER RANK 5-ARITHMETIC LATTICES 3 



(ii) If G is K-isotropic and K is a function field, then there 
exist inclusions of topological groups: 

Comm(G(05)) ^ Ql{G{Os)) ^ Aut(G). 

Furthermore, the image of QI{G{Os)) in Aut(G) has mea- 
sure zero. 

(Hi) If G is K -anisotropic, then there is an isomorphism of 
topological groups: 

QX(G(05)) =Aut(G). 

As an example of Theorem l.l(i), we have 

QX(SL3(Z[l/p])) ^ PGL3(Q) >^ Z/2Z, 

where the topology on the right side of the isomorphism is induced by the 
topology of Q as the diagonal siibspace of M x Qp. This example is described 
in more detail in Section 5, where we also present five other examples. 

We note that the theorem above leaves room for improvement, as the 
iC-isotropic case for function fields is not completely determined. However, 
results in this case arc still slightly stronger than they are for the fully 
resolved ET-anisotropic case. 

Quasi- isometric rigidity. Prom Theorem 1.1 we can deduce 

Corollary 1.2 Suppose K, S, and G are as in Theorem 1.1, and suppose 
that G is of adjoint type. Let A be a finitely generated group, and assume 
there is a quasi-isometry 

(f>:A^ G{Os). 

(i) If G is K-isotropic and K is a number field, then there 
exists a finite index subgroup A5 of A and a homomorphism 
ip : A5 G{Ps) with a finite kernel and finite co-image 
such that 

sup dlip{X),<p{X)] < 00. 
AeAs ^ ^ 

(ii) If G is K-isotropic and K is a function field, then there 
exists a finite group F and an exact sequence 

l^F^A^r^l, 

such that T is a non-cocompact lattice in Aut(G). 

(Hi) If G is K -anisotropic, then there exists a finite group F 
and an exact sequence 

i^F^A^r^i, 

such that V is a cocompact lattice in Aut(G). 
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Bibliographic note. We will present a proof of Theorem 1.1 that covers 
all of the cases above, some of which are well known. 

Part (iii) of Theorem 1.1 and Corollary 1.2 was shown by Kleiner-Leeb 
|K-Lj . Part (iii) was also shown when K is a number field and S equals 
the set of archimedean valuations by Eskin-Farb |E-F Ij . (Note that the 
theorems in |K-Lj and |E-F Ij are stated in equivalent terms of isometries 
of Euclidean buildings and/or symmetric spaces.) 

Part (i) of Theorem 1.1 and Corollary 1.2 was shown by Eskin {Esj with 
the additional assumption that S equals the set of archimedean valuations. 
Dru^u has also given a proof of (ii) assuming S is the set of archimedean 
valuations |Drj . The proof in IDr! uses results from |K-Lj . 

Corollary 1.2 follows directly from Theorem 1.1 and, for part (i), Margulis' 
superrigidity theorem. The proof of this corollary using Theorem 1.1 is 
routine. See, for example. Section 9 of |Esj . 

Similarities and differences between our proof and Eskin's. The 

proof of Eskin's theorem involves studying the large-scale geometry of sym- 
metric spaces on which higher rank real semisimple Lie groups act. Our 
proof of Theorem 1.1 applies the "quasiflats with holes" theorem from |Wlj 
(which itself is an extensions of the quasiflats with holes theorem of Eskin- 
Farb lE-F Ij ) to extend Eskin's proof by allowing for the presence Euclidean 
buildings. (Recall that Euclidean buildings are the natural spaces acted on 
by semisimple Lie groups over nonarchimedean local fields.) We rely on 
many of Eskin's arguments in using large-scale geometry to construct a 
boundary function defined almost everywhere. 

Where our proof differs substantially from Eskin's, is in the way we com- 
plete the boundary function. We are forced to confront this problem with 
different methods, since the proof in |Esj relies on the fact that the Fursten- 
berg boundary of a real semisimple Lie group is a Euclidean manifold. This 
is not the case in general, as the Furstenberg boundary of a semisimple Lie 
group over a nonarchimedean local field is a Cantor set. Being unable to 
rely as heavily on topological arguments, we turn to algebraic methods to 
find a completion. (See Section 4 for an expanded outline of our proof.) 

Strong rigidity. Our main result can be viewed as a strengthening of 
strong rigidity. 

Recall that the strong rigidity theorems — first proved by Mostow and 
later expanded on greatly by Prasad, Margulis, and Venkataramana — state 
that any isomorphism between irreducible lattices in semisimple Lie groups, 
which are not locally isomorphic to SL2(M), extends to an isomorphism 
of the ambient semisimple group. Thus, the ambient semisimple group is 
completely determined by the isomorphism class of a lattice ( |Moj . |Pr Ij . 
|Pr2j, pViaTj . and ^). 
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Our result states that the quasi-isometry class alone of an S'-arithmetic 
lattice meeting the conditions of Theorem 1.1 is enough to determine the 
ambient semisimple group. 

We note that the proofs of strong rigidity in cases (i) and (ii) of our main 
theorem (given by Margulis and Venkataramana respectively) are rooted in 
ergodic theory. Our unified proof of cases (i), (ii), and (iii) is based on the 
large-scale geometry of symmetric spaces and Euclidean buildings. As such, 
we return to Mostow's original ideas and present a proof that is of a more 
geometric nature than the ergodic theoretical proofs of strong rigidity. 

Number fields versus function fields. Although our results are not 
complete in the function field case, we point out that this is only due to the 

absence of a characterization of commensurators which does not exist in the 
function field case (see Proposition 7.2). 

Throughout the portion of the proof dealing with large-scale geometry, 
the function field case allows for significant simplifications. The simplifica- 
tions stem from the fact that two Weyl chambers in a Euclidean building 
are Hausdorff equivalent if and only if their intersection contains a Weyl 
chamber. Of course this is false for symmetric spaces. 

Acknowledgements. I thank my Ph.D. thesis advisor, Benson Farb, for 
giving me the opportunity to work on this problem and for believing I could 
solve it. 

Thanks to Alex Eskin for helpful insights and for helping me discover 
some mistakes I made along the way. 

I am also happy to thank Nimish Shah for showing me how to prove 
Proposition 7.2 below, Steven Spallone for explaining numerous mathemat- 
ical concepts to me over the past five years, and both Dan Margalit and 
Karen Vogtmann for suggestions about the exposition of this paper. 

I would like to acknowledge the University of Chicago for supporting 
me as a graduate student while I developed the ideas in this paper, and 
Cornell University for the pleasant working environment given to me while 
I completed its writing. 

Last and most important, I am grateful for Barbara Csima, Benson Farb, 
and Dan Margalit; their support, encouragement, and patience made me 
into a mathematician. 

2. Definitions 

We will take some time now to be precise with our definitions. 

Quasi-isometries. For constants k> 1 and C > 0, a {k, C) quasi-isometric 
embedding of a metric space X into a metric space y is a function (j) : X ^ Y 
such that for any xi,X2 & X: 

-d[xi,X2) - C < d[(f>{xi),(l){x2)) < Kd[xi,X2) + C. 
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We call (j) a (/t, C) quasi-isometry if is a (k, C) quasi-isometric embed- 
ding and there is a number D > such that every point in Y is within 
distance D of some point in the image of X. 

Quasi-isometry groups. For a metric space X, we define the relation ~ 
on the set of functions X ^ X hy cj) ^ ip if 

sup d(^(f){x),ip{x)) < oo. 

We form the set of all self-quasi-isometries of X, and denote the quotient 
space modulo ~ by QI{X). We call QI{X) the quasi-isometry group of X 
as it has a natural group structure arising from function composition. Note 
that if X and Y are quasi-isometric metric spaces, then there is a natural 
isomorphism QI{X) ^ QJ{Y). 

In addition to a group structure, we also endow QI(X) with the quotient 
of the compact-open topology. 

Word metrics. A finitely generated group T is naturally equipped with 
a proper left-invariant word metric. This is the metric obtained by setting 
the distance between 7 G F and 1 G F to be the infimum of the length of all 
words written in a fixed finite generating set that represent 7. 

The word metric depends on the choice of finite generating set, but only 
up to quasi-isometry. Hence, the group QX(F) is independent of the choice 
of a finite generating set for F. The topology on QT(F) is also independent 
of the choice of a finite generating set since F is discrete under all choices of 
word metrics. 

S'-integers. Recall that finite algebraic extensions of either Q or the field 
¥p(t) of rational functions with indeterminate t and coefficients in a finite 
field ¥p, are called global fields. If K is a global field then we denote the 
set of all inequivalent valuations on K by Vk, and we denote the set of all 
inequivalent archimedean valuations of K by V^. 

For any valuation v G Vk, let Ky be the topological completion of K with 
respect to v. The field is a locally compact nondiscrete field. Any field 
satisfying these topological properties is called a local field. 

For a finite nonempty set of valuations S C Vk containing V^ , we define 
the ring of S-integers in K to be 

Os = {xeK\l> \x\y for all vEVk-S}. 

Rank. If a simple algebraic group G is defined over a field L, we say it is 
an L-group. An L-group G is called L-isotropic if L — rank(G) > 0, and 
called L-anisotropic otherwise. (Recall that L — rank(G) is the maximum 
dimension of an algebraic subgroup of G which is diagonalizablc over L.) 
For a global field K and a simple X-group G, let C Vk be the 

set of valuations v for which G is i^T^-anisotropic. Recall that v G V^'" is 
equivalent to the condition that G{Ky) is compact. 
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We define G to be placewise not rank one with respect to a chosen finite 
set of valuations S, if Ky — rank(G) ^ 1 for all v e S. 

S-arithmetic groups. A group is called S-arithmetic if it is isomorphic 
to G{Os) for some K-group G and for some finite nonempty set S C Vk 
containing V^. 

Throughout the remainder, G is connected, simple, and placewise not 
rank one with respect to S. Under these conditions it is well known that 
G{Os) is a finitely generated group, so it admits a proper word metric. 

Lattices. A locally compact group H supports a Haar measure /i. A 
discrete subgroup T < H is called a lattice if H/T has finite volume with 
respect to ^. This is necessarily the case if H/T is compact. Such lattices 
are called cocompact; they are called non-cocompact otherwise. 

We write Ad(G) for the image of G under the adjoint representation of 
G. The adjoint representation has a finite kernel which equals the center of 
G. 

Define 

G= n Ad(G)(K,). 

The diagonal homomorphism of G{Os) into G has a finite kernel. We write 
the image of the diagonal homomorphism as G{Os)'^- The reduction theory 
of Borel, Behr, and Harder established that G{Os)^ is a lattice in G and 
that G{Os)^ is cocompact if and only if G is if-anisotropic. 

We point out here that G{Os)^ is clearly irreducible as a lattice in G. 
Recall that a lattice F < G is reducible if F contains a finite index subgroup 
of the form Fi x F2 where 

Ti=TnllAdiG){Ky), 

Ti 

and Ti and T2 nontrivially partition S — V^'". Otherwise, F is irreducible. 

Let Aut(G) be the group of all topological group automorphisms of G. 
Since G has a trivial center, it embeds into Aut(G) via inner automorphisms. 
Furthermore, G is a closed cocompact subgroup of Aut(G), so G{Os)^ is 
also a lattice in Aut(G). Furthermore, G{Os)^ is cocompact in Aut(G) if 
and only if it is cocompact in G. 

Commensurators. An automorphism G Aut(G) commensurates G{Os)^ 
if ^p{G{Os)^) n G{Os)^ is a finite index subgroup of both i;{G{Os)^) and 

Define Comm(G(C'5)) < Aut(G) as the group of automorphisms that 
commensurate G{Os)'^- Notice that Comm(G(C>5)) is different from the 
standard definition of the commensurator group of G{Os) in two ways: we 
project G(Os) into G, and we do not restrict ourselves to inner automor- 
phisms. 
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Let Aut(i^) be the group of field automorphisms of K. There is an 
action of Aut{K) on the set of affine K-varieties. Indeed, if W is an affine 
X-varicty, then we let "^W be the variety obtained by applying a to the 
coefficients of the polynomials that define W. We define Aut(i^)G to be the 
group of automorphisms a G Ant{K) such that '^G is if-group isomorphic 
to G. 

Since valuations are obtained by embedding K into various local fields, 
there is an obvious action of Aut(K) on the set of valuations Vk- We let 
Aut(K)G,5 be the subgroup of Aut{K)G consisting of those a G Aut{K)G 
such that a{S - V^'") = S- V^'". 

The group AvX(K) is finite when is a global field, so both Aut(i^)G 
and Aut(iir)G,s are finite also. 

We will see in Section 7 that Comm(G(05)) is an extension 

1 ^ Aut(Ad(G))(i^:) ^ Comm(G(05)) ^ Aut(^C)G,s ^ 1, 

where Aut(Ad(G)) is the i^-group of algebraic group automorphisms of 
Ad(G). 

If G is defined over a subfield of K that is fixed pointwise by Aut(i^)G,5, 
then the above extension splits. Furthermore, if G is iC-split, then there is 
a split extension 

1 ^ Ad(G)(K) ^ Aut(Ad(G))(i^) ^ Out(Ad(G))(i^) ^ 1, 

where Out(Ad(G)) is the iC-group of outer automorphisms of Ad(G) 
(or alternatively the iC-group of automorphisms of the Dynkin diagram of 
Ad(G))._ 

Combining the two remarks above, we have that if G is iT-spht and 
defined over a subfield of K that is fixed pointwise by Aut(iir)G,5, then 

Comm(G(05)) = ( Ad(G)(i^) >^ Out(Ad(G))(i^)) x Aut(i^)G,s- 

Regardless of whether the extensions defining Comni(G(C'5)) split, Comm(G(05)) 
contains Ad(G)(iC) as a finite index subgroup since the outer automorphism 
group of a simple algebraic group is finite. Therefore, we can define a topol- 
ogy on Comm(G(C'5)) by assigning the topology on Ad(G)(ii') to be the 
subspace topology resulting from the diagonal embedding 

Ad(G)(i^) n Ad(G)(K„). 

Examples. A reader not familiar with S'-arithmetic groups is encouraged at 
this point to skip ahead to Section 5 where a series of examples is presented. 

3. Notes 

Now that our definitions are in place, we revisit Theorem 1.1. 
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Remarks on Theorem l.l(i). In the ii'- isotropic case for number fields 
in Theorem 1.1, the group of /C-rational points of Ad(G) is a finite index 
subgroup of QI{G{Os))- Hence the group operation on QI{G{Os)) recov- 
ers K and a finite quotient of G. These are two of the three ingredients used 
to create G{Os)- The third ingredient, S, cannot in general be recovered 
from the quasi-isometry group, but it can be identified up to an element of 
the finite group Aut(-fC)G- 

Let's briefly make the paragraph above more precise. 

Theorem 1.1 states that QI{G{Os)) is determined up to a topological 
group isomorphism as Comm(G(C'5')). By a theorem of Borel-Tits ( |Bo-Tj 
Cor. 6.7), Ad(G)(i^)"'' is the minimal finite index subgroup of QI{G{Os)) 
where Ad{G){K)~^ is the subgroup of Ad(G)(i^) generated by the ii'-points 
of the unipotent radicals of the -fC-parabolic subgroups of Ad(G). There- 
fore, any topological group isomorphism of QI{G{Os)) induces a topological 
group isomorphism 

/:Ad(G)(i^)+^Ad(G)(K)+, 

where we assume the domain of / has the topology derived from S. 

Another well known theorem of Borel-Tits ( [Bo-Tj Theorem (A)) states 
that / = /3 o a" where a G Aut(i(')G, and 

a° : Ad(G)(K) '"Ad(G)(K) 

is the homomorphism defined by applying a to the matrix entries of Ad(G) (K), 
and 

P : '"Ad(G) — > Ad(G) 
is a i^T- isomorphism of algebraic groups. 

Since / is a homeomorphism, cr is a homeomorphism as well. Therefore, 
the topology on the image oi a : K ^ K is given by the set aS, since S 
determines the topology of the domain of a. 

Note that if o" G Aut(A')G and /3 : '^Ad(G) Ad(G) is a if -isomorphism 
of topological groups, then restricts to an isomorphism Ad(G)(C'5) = 
''Ad(G)(0^s) and (3^ Ad{G){0^s)) is commensurable with Ad(G)(0^s) 
(see e.g. [Mar I.S.l.l.iv). Hence, recovering S up to an element of Aut(if)G 
provides us with enough information to reconstruct G{Os) up to finite 
groups. In light of this, we could not hope for quasi-isometries to pinpoint 
S any more than up to an element of Aut(Er)G- 

For clarity, we observe that 

SLn {Z[i, 1/(2 + i)]) ^ SLn (Z[-i, 1/(2 - i)]) 

is an example of how the set of valuations can fail to be identified com- 
pletely by quasi-isometries since, in this example, the set cannot even be 
distinguished by isomorphisms of groups. 

Remarks on Theorem 1.1 (iii). In the i^T- anisotropic case, the simple 
group Ad(G) is encoded in the quasi-isometry group, but the global field 
K is not. 
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For example, examine the quadratic form 

4 = 1 

Let SO$ be the special orthogonal group of so that SO$ is Q-anisotropic 
and Q(\/TT)-anisotropic. 

There are exactly two elements of , — which we name and 

Qivn) ^ ^ 

— and Q(\/TT)t;°° — K for i = 1,2. If we choose the valuation W(4_|_^/xY) £ 
^Q(v^) defined by the prime ideal (4 + ^) C Z[^/TT], then q_{^ft\\^^^^^^ 
is isomorphic to the field of 5-adic numbers, Q5. 

Let 5 = {^^1°, 1^2°' ^(4+^11)} • -'^y theorem of Kleiner-Leeb, 



Qj(sO* (Os)) =SO*(Q5). 



(That SO$ is placewise not rank one with respect to S follows form the fact 
that i £ Q5.) 

Next, we take our global field to be Q. We let S' = {?;°°,U(5)}, where v°° 
is the archimedian valuation on Q and ^(5) is the 5-adic valuation. Then 
Kleiner-Leeb 's theorem also gives us 

Qj(sO$ {Os')) ^SO*(Q5). 

Hence, quasi-isometries could not distinguish between Q and Q(\/TT) in 
these two examples. 



Remarks on Theorem l.l(ii). My current level of knowledge for the 
general S-arithmetic group when i^T is a function field and G is i^-isotropic 
is at an intermediate level. In this setting we have stronger results than in 
the iC- anisotropic case, but less is known than in the number field case. 

There is some evidence that we should be able to remove the assumption 
that K is a number field from part (i) of Theorem 1.1. The number field 
case itself provides evidence that part (i) should hold for the function field 
case, and it has been shown that Theorem 1.1. (i) holds for SLn(Fg[t]) when 
n > 3 |W2] . 

The distinction between number fields and function fields in the -fC-isotropic 
case exists because our proof for number fields takes advantage of Ratner's 
theorem for unipotent flows |R.aj . Ratner's theorem is a powerful tool, and 
it appears to be unknown in positive characteristic. 

Note that, in contrast with lattices in semisimple Lie groups over p-adic 
number fields, lattices in semisimple Lie groups over function fields can be 
non-cocompact. In fact. Harder showed that if is a global function field 
and G is a simple i^-group, then G can be i^-anisotropic only if G is of 
type A„ |Harj . Therefore, resolving the -fC-isotropic case for function fields 
has heightened importance. 
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Remarks on Corollary 1.2. In the remarks on Theorem 1.1 (i) it was 

pointed out that in the ii'-isotropic case for a number field K, the quasi- 
isometry group of G{Os) carries the information needed to reconstruct 
G{Os)- Hence, an arbitrary finitely generated group A that is quasi-isometric 
to G{Os) will also carry the information needed to reconstruct G{Os) as A 
and G{Os) will have the same quasi-isometry groups. This is the content 
of part (i) of Corollary 1.2. 

Note that (i) states that the only way to deform G{Os) in the space of 
all finitely generated groups without moving it outside of its initial quasi- 
isometry class is through algebraic methods. 

If we knew that Theorem 1.1 (i) held in the function field case, then Corol- 
lary 1.2(i) would apply to the function field case as well. In particular, case 
(i) of the above corollary holds when G{Os) is replaced by SLn(Fg[t]) for 
n > 3. 

Rigidity for groups with poor finiteness properties. Any finitely gen- 
erated group that was previously known to be quasi-isometrically rigid con- 
tains a finite index subgroup that is simultaneously complex linear, torsion- 
free, of type Foo, and of finite cohomological dimension. Thus, the final 
comment in the preceding paragraph displays the first quasi-isometric rigid- 
ity result for a finitely generated group with poor finiteness properties. 

Indeed, it is well known that SLn(Fg[t]) is not virtually torsion free. 
Hence, SLn(Fq[t]) is not complex linear, and any finite index subgroup has 
infinite cohomological dimension. In addition, SL3(Fg[t]) is known not to be 
finitely presentable (a result of Behr |Bej ) . and independent work of Abels 
and Abramenko shows that the class of groups of the form SLn(Fq[t]) where 
n > 3 contains groups of type Fk, but not of type Fk+i for all A; > 1 (see 
HEH and HEI). Recah that a group TT is of type F^ if there exists an 
Eilenberg-Mac Lane K(7r, 1) complex with finite A;-skeleton, and vr is of type 
if it is of type Fk for all k. 

4. Outline 

Our proof of Theorem 1.1 borrows heavily from |Esj . 
We proceed by realizing any element of QI{G{Os)) as a quasi-isometric 
embedding 

4> ■■ N{r) X, 

where X is a product of a symmetric space and a Euclidean building, and 
A^(r) C X is a set (defined in Section 8) that both contains, and is con- 
tained in, a metric neighborhood of a G{Os) orbit. The existence of such 
a quasi-isometric embedding follows from a theorem of Lubotzky-Mozes- 
Raghunathan |L-M-E,j . 

Our goal is to show that (p is within a finite distance of an element of 
Isom(A:) ^ Aut(G). 
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Constructing a boundary function defined a.e. In logical order, our 
proof begins with Section 8. Following Eskin, we apply basic ergodic theory 
to show that the generic flat F ^ X has most of its volume contained in 
A^(r). We denote this generic collection of flats by il, and we note that in 
general, il is a proper subset of the set of all flats in X. 

For any flat F G it, the quasi-isometric embedding (j) restricts to a quasi- 
isometric embedding 

Q!p — > X, 

where Q'p C F n A^(r) is a suitably large subset of F. By precomposing 
with a closest point projection, we have maps 

<pp : F — > X. 

We analyze the image of these maps using the quasiflats with holes theo- 
rem of |Wlj . and we use the asymptotic behavior of the images to construct 
a function 

d(f>:UQ^ BiG), 

where B{G) is the spherical Tits building for G and Uq C B{G) is a sub- 
complex that has full measure in the Furstenberg boundary. 

For this task, we mostly defer to the proof in 'Es' which covers the case 
when X is a symmetric space. Indeed, Eskin's proof uses the geometry of 
symmetric spaces mostly to establish a few foundational lemmas. These 
lemmas are used to analyze the behavior at infinity of the quasiflats with 
holes. We supply the analogous foundational lemmas for the general space 
X, and then Eskin's proof applies to the more general setting. 

Continuity of the boundary function on neighborhoods of faces. 

Section 9 is the final section of this paper. The first three lemmas of the 
section are meant as replacements for foundational lemmas in |Esj . so that 
we can apply a proof from |Esj to derive a fourth lemma: the restriction of 
d(p to the simplicial neighborhood of a face of a maximal simplex in Ug is 
continuous. 

Completing the boundary function. Our goal is to extend the domain 
of d(j) to all of B{G). Then we can use Tits' theorem to show that d(j) 
corresponds to an element of Aut(G). This step is the content of Section 
6. Despite the fact that this section is the third part of our proof if it were 
presented in logical order, it is placed in the early portion of this paper as 
it is less technical than material from Sections 8 and 9, and as it contains 
material unlike that found in |Esj . 

Eskin's approach to finding an extension of d(j), for the case when X is a 
number field and S = V^, was to find a topological completion of d(j). A 
restriction of d(j) to a co-null subset of the Furstenberg boundary is shown 
to be bi-Holder. Then d(j) can be completed to a domain of B{G). 

Eskin's argument relied on the fact that the Furstenberg boundary of a 
real semisimple Lie group is an analytic manifold and a topological manifold. 
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In contrast, the Furstenberg boundary of a semisimple Lie group over a 
nonarchimedean local field is a Cantor set. Therefore, our approach is forced 
to deviate from Eskin's at this point. 

We complete d(f) algebraically, using the Borel-Tits classification of ab- 
stract homomorphisms between simple groups. We restrict d(f) to a collec- 
tion of countably many chambers in Ug (a spherical building for G over 
global fields) and argue that the restriction is induced by an injective ho- 
momorphism of rational points of algebraic groups. The homomorphism is 
specified by pairs: isomorphisms of algebraic groups and inclusions of global 
fields into local fields. We show the field inclusions are continuous using the 
continuity of the boundary function on simplicial neighborhoods of faces of 
maximal simplices. Then we extend the restriction to an automorphism of 
G by completing the field inclusions. Finally, we show that the extension of 
the restriction is also an extension of dep. 

See also jPrj in the case when K is a number field and S = for a 
more combinatorial approach to this problem. 

To conclude Section 6, a result of ^sj is applied to show that the auto- 
morphism of G which corresponds to d(j), stabilizes G{Os) up to Haus- 
dorff equivalence. We denote the group of all such automorphisms by 
AutHd(G';G(C'5)). Therefore, 

QJ(G(05)) = AutHd(G';G(05)). 

Automorphisms coarsely preserving lattices. If G is K-anisotropic, 
then G and G{Os) are Hausdorff equivalent so AutHd(G; GiOs)) = Aut(G). 
In Section 7 we show that AutHdCG; G(05)) is a null subset of Aut(G) 
otherwise. We also show that AutHd(G; G(C'5)) = Comm(G(05)) when G 
is ii'-isotropic and K \s a, number field. 

5. Examples 

This section will be especially useful for geometric group theorists who 
are not specialists in S'-arithmetic lattices. 

In this section we present six examples illustrating various aspects of 
Theorem 1.1. To focus on previously unknown results, the examples below 
will all be for the case that G is X-isotropic and S ^ 

Example (A) The basic global field is Q. It supports a countably infinite 
family of inequivalent valuations (which we think of as metrics for the global 
field) : an "infinite" valuation and an Z-adic valuation for every prime number 
I. It is well known that these are the only valuations supported on Q. 

The infinite valuation : Q — > M is obtained by embedding Q into C 
and then restricting the standard metric on C. Any valuation on a global 
field that is obtained through an embedding into C is called archimedean. 
By completing Q metrically with respect to v°° we obtain the real numbers. 
In the notation of Section 1, this is written as Qi,oo = M. 
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The only archimedean valuation on Q is i'"^ , but there are still the nonar- 
chimedean Z-adic valuations for prime numbers I. First, we define for 
any integer k, the natural number dcg^(A;) as the exponent of I occurring in 
the prime factorization of k. Then, we define v^i^j : Q — > M by 

^ ' exp ^deg;(m) - deg;(n)^ . 



m 



Hence, the defining feature of the Z-adic valuation is that it treats the 
size of powers of I backwards from what our intuition is used to from the 
archimedean valuation. That is IZ"'!,;^;) — > as n — ^ oo, and ll/Z^I^^^^ — oo 
as n ^ oo. 

The Z-adic valuation on Q is not complete. If we complete Q with respect 

to V(^i-^, we obtain the l-adic numbers Qti^jj which is written simply as Q;. 
The Z-adic numbers are locally compact and totally disconnected. 
If we fix a prime number p and let S = {t""", f (p)}, then 

= { a; G Q I 1 > for all primes p 7^ Z } = 

Because L — rank(SL3) = 2 for all fields L, Theorem 1.1 applies to 
SL3(Z[l/p]). Since Q admits no nontrivial automorphisms, the image of 
SL3 under the adjoint representation is PGL3, and transpose-inverse is the 
only outer automorphism of PGL3, we have 

QT(SL3(Z[l/p])) ^ PGL3(Q) x Z/2Z. 

Notice that as abstract groups, 

QJ(SL3(Z[1^])) ^ QT(SL3(Z[1/Z])) 

for any primes p and Z. However this isomorphism is not topological. In- 
deed, QX(PGL3(Z[l/p])) is the quotient of a space of functions so it has a 
quotient topology descending from the compact-open topology. This topol- 
ogy is equivalent to the subspace topology on PGL3(Q) inherited from the 
diagonal embedding 

PGL3(Q) ^ PGL3(M) X PGL3(Qp). 

With this natural topological structure, the sequence of quasi-isometry 
classes given by 




forn G N is discrete in QJ(PGL3(Z[l/p])), but not in QX(PGL3(Z[1/Z])). 
In particular, SL3(Z[l/p]) and SL3(Z[1/Z]) are not quasi-isometric lip^l. 

Example (B) Expanding on the previous example, we let P be any finite set 
of prime numbers. Then for the finite set of valuations S = {w °°}U{w(p)}pgp, 
the ring Og is: 

{a; G Q I 1 > \x\v^^^) for ah primes Z ^ P} = Z[l/mp], 
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where mp = ripeP^*- 

Expanding on the previous example in another direction, recall that for 
any field L, the rank of SLn over L is n — 1. Hence, as long as n > 3 we 

have 

QX(SLn(Z[l/mp])) ^ PGLn(Q) x Z/2Z. 

Again we note that QX(SL„(Z[l/mp])) has a natural topology equivalent 
to the topology obtained via the diagonal embedding 

PGL„(Q) ^ PGL„(M) X H PGL„(Qp). 

Hence Q2r(SLn(Z[l/mp])) becomes "more discrete" as the finite set P grows. 
Also notice that the semisimple Lie group 

PGL„(M) X J] PGL„(Qp) 

peP 

is an index two subgroup of the topological closure of QX(SLn(Z[l/mp])). 

Hence, the quasi-isometry class of SLn(Z[l/mp]) identifies the ambient 
semisimple Lie group that contains SLn(Z[l/mp]) as a lattice. 

Example (C) Examine the quadratic form 

5 

As $ is defined over Q(v^), the special orthogonal group SO* is a Q(\/2)- 
group. 

There are exactly two archimedean valuations supported on Q{^/2). They 
are obtained from the embeddings a + V^b i— > a + \/26 G C and a + \/26 i— > 
a — \plh G C. Call these valuations v'^ and respectively, and note that 
Q(\/2)t,j>o and Q(V2)i,|o are each isomorphic to M as topological fields, but 
each in a different way. 

We want to add a nonarchimedean valuation to our example. Since 3 does 
not split as a product of two primes in Z[V2], there is a unique extension of 
the 3-adic valuation to Q(\/2) (written as i;(3)), and = QsiV^). 

Let S = {vf,v^,v^3)}. Then Os = Z[^/2, 1/3]. We can apply Theorem 
1.1 since the rank of SO* over both Q(\/2) and Q{V^)v^ is 2, and the 
rank of SO* over both Q(V2)„oo and Q(\/2)^(3, is 3. (That Q(\/2)^(3^ - 
rank(SO*) = 3 follows from the fact that ^-2 G Qs-) 

There is a nontrivial clement of Aut(Q(-v/2)). Namely a where cr{a + 
= a — h\pl. However, while oS = S, there is no Q('\/2)-isomorphism 
between '^SO* and SO*. Indeed, SO* and SO* are not even isomor- 
phic over M as has signature (5,2) and $ has signature (4,3). Hence, 
Aut(Q(-\/2))G,5 is trivial (as is Out(SO*)) so Theorem 1.1 yields 

Q2:(sO*(Z[V2,l/3])) ^SO*(Q(V2)). 
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Example (D) The symplectic group SPe has rank 3 over any field. For 
the global field we take the lone archimedean valuation (given by 

restricting the standard metric on C) along with the (2 + i)-adic and the 
(2 — i)-adic valuations to comprise the set S. (Note that 2 + i and 2 — i are 
prime in 

Obviously Q{i)v°° = C, and because {2 + i){2 — i) = 5, both Q{i)vi^2+i) ^^'^ 
Q{i)v^2-i) 3-^6 isomorphic to Q5. Now 

Qt(sP6 mi,^-,^])) =PSP6(Q(0) XZ/2Z, 

where PSPg is the adjoint group of SPe- The nontrivial element of Z/2Z 
represents the automorphism a of Q(i) defined by a{i) = —i. Complex 
conjugation clearly stabilizes S, and '^PSPe = PSPg since PSPg is defined 
over Q. 

Example (E) Let Fg be the finite field with q elements, and let Fg(t) be the 
field of rational functions with indeterminate t and coefficients in F^. This 
is the primary example of a global function field. All other global function 
fields are finite algebraic extensions of Fg(t) in analogy with the role Q plays 
for number fields. 

The characteristic of ¥g{t) is nonzero so there are no embeddings of this 
field into C and, hence, no archimedean valuations. 

Examine the valuation of Fg(t) at infinity, Voo, defined on quotients of 
polynomials by 

44 = exp (deg{p{t)) - deg{q{t))) . 
q[x) \ J 

Note that v^o measures the degree of the pole of a rational function at 
00 E P^(Fq), where Fg is the algebraic closure of Fg. 

We could define an analogous valuation, Up, for every point -p G P-'^(Fq). 
The ring of functions / E Fg(t) for which < 1 for ah p G F^I^g) - 

{cxd} are precisely those rational functions which have no poles in P^(Fq) — 
{00}. Equivalently, the ring above is simply the ring of polynomials with 
indeterminate t. In the notation used in Section 1, we have O5 = Fg[t] for 

S = {foo}- 

Completing Fg(t) with respect to v^o produces the locally compact field 
of formal Laurent series Fg((t~^)) with indeterminate . Hence, we have 
by Theorem 1.1 that 

QT(sLn(Fg[t])) < (PGLn (Fg((t-i))) x Z/2z) x Aut (Fg((t-i))) 

for all n > 3. We remark that Aut (Fg((t^^))) is profinite and in particular 
is compact. 

It will be shown in |W2j however, that for this particular example the 
quasi-isometry group is determined exactly as it is in the number field case. 
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That is, 

Qj(SLn(F,[t])) ^ (PGLn (Fg(t)) X Z/2z) x 

where S is a finite solvable subgroup of PGL2(Fg). Precisely, B is the 
group of Fg-points of PGL2 = Aut (P^) that stabilize our distinguished 
point 00 e P^(Fq). 

Example (F) We give a final example involving function fields for which I 
do not at this time know of a proof that the quasi-isometry group is exactly 
the subgroup of Aut(G) consisting commcnsurators. 

Examine the smooth elliptic curve C over F5 given by the equation = 

— t. The field of Fs-rational functions on C is ¥^{1, \/t^ — t), and it is a 
separable extension of ¥^{1). 

Note that (t = 2,y = 1) and (t = l,y = 0) define points on C which 
we name p and q respectively. We define valuations of ¥5(1, Vt^ — t) with 
respect to the points p and q as we did in the previous example, and we let 
S = {vp, Vq}. Then Os is the ring of regular functions on C — {p, q}. 

Since [F5(t, \/ 1-^ — t) : F5(t)] = 2, and since the point of C given by {t = 
2, y = 4) and the point p each lie above 2 G P^(F5), we know by the so-called 
fundamental identity of valuation theory that ^^{t, Vt^ — t)^^ = ¥^{(t — 2)). 

As the point g G C is the only point on C with t = 1 (i.e. g is a point of 
ramification) \/t^ — t ^ ¥^{t)w^ where wi denotes the valuation of F5(i) at 
the point 1 G P^F^)- Hence, ¥^{t,^/t^ - t)y^ ^ ¥r,{{t - l)){^Jt^-t). 

Now we are set to apply Theorem 1.1 which states in this case that 

QX(SP6(05)) 

is contained as a measure zero subgroup of the direct product of 
PSPe (F5((t - 2))) X Aut (F5((t - 2))) 

with 

PSPe (F5((t - l))(v^t^)) X Aut (F5((t - l))(^/^^)). 

This is a stronger result than the one that is known to hold in the K- 
anisotropic case, but it is an incomplete result. There is evidence to suggest 
that there should be an isomorphism 

Q2:(SP6(05)) = PSPe (F5(t, \f^t)). 

Note that it can be shown that Aut(F5(i, ^/t^ — t))G^s is trivial since there 
are no nontrivial automorphisms of C which fix the point p and the point q. 

Corollary 1.2.(i) would hold for SP6(C5) if the above isomorphism ex- 
isted. 



6. Completing the boundary function 
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Let G{Os) be as in Theorem 1.1. Since G(0 g) and Ad(G)(C'5) are 
commensurable up to finite kernels (see e.g. |Marj I.S.l.l.iv), 

gi{G{Os)) = QI{Ad{G){Os). 

Thus we may, and will, assume throughout the remainder that G is of adjoint 
type. 
Let 

G= n G{K,). 

Let X be the natural product of nonpositively curved symmetric spaces 
and Euclidean buildings on which G acts by isometries and such that Isom(X) / G 
is compact. In this case Isom(X) = Aut(G). 

Throughout we let n equal the rank of X. (Recall the rank of X is the 
maximal dimension of a flat in X.) 

Two boundaries. For any point e £ X, there is a natural topology on the 
space of directions from e which forms a simplicial complex B{G), called the 
spherical Tits building for G. The spherical building is (n — l)-dimensional, 
and it is the same as the spherical building for G that is produced using the 
standard BN pair construction. Hence, group automorphisms of G induce 
simplicial automorphisms of B{G). 

A subset L C A is called a wall if it is a codimension 1 affine subspace 
of a flat that is contained in at least two distinct flats. A Weyl chamber 
in X is the closure of a connected component of a flat F C A less all the 
walls containing a fixed point x € F. Most of the time we will not care 
about the point x which was used to create a Weyl chamber. In those cases 
when the distinction is important, we say any such Weyl chamber is based 
at X. (This is different terminology than was used in |Wlj . See the word of 
caution following the discussion of the Furstenberg metric.) 

The Furstenberg boundary of X is the compact space of maximal simplices 
in B(G). We denote it by A. It can be defined equivalently as the space 
of Weyl chambers in A modulo the relation that two Weyl chambers are 
equivalent if they finite Hausdorff distance from each other. 

If A = Aoo X Ap, where X^o is a symmetric space and Ap and a Euclidean 
building, then A = Aqo x Ap. 

Furstenberg metric. There are metrics on Aqo and Ap that are invariant 
under a fixed isotropy subgroup of Isom(Aoo) and Isom(Ap) respectively. 
The metric on Aqo is well-known. 

To define the metric on Ap, we begin by choosing a point x € Ap and a 
representative Weyl chamber © C Ap for every equivalence class in Ap such 
that S is based at x. Thus, we regard Ap as the space of all Weyl chambers 
based at x. 
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For any Weyl chamber based at x, say &, let 7e : [0, oo) ^ © be the 
geodesic ray such that 7e(0) = x and such that 7s(c«) is the center of mass 
of the boundary at infinity of & with its usual spherical metric. 

We endow Xp with the metric dp where 



dp(2),3) 




if 72) n 73 = {x}; 
|72) n 73I) , otherwise. 



In the above, I72) n 73I is the length of the geodesic segment 7g H 73. 

Note that dp is invariant under the action of the stabilizer of x and is a 
complete ultrametric on Xp. That dp is an ultrametric means that it is a 
metric and 

dp(2), 3) < max{dp(2), X), dp(X, 3)} for any 2), 3, X G Xp. 
We endow X with the metric d = max{doo , dp} . 

Caution. In |Wlj . Weyl chambers in buildings are called sectors, and the 
metric dp is given a different form. In |Wlj . we made arguments by pro- 
jecting onto the factors of X, and most of the paper analyzed the geometry 
of Euclidean buildings. Thus, our proof was geared towards terminology 
and tools more common for buildings. In this paper, we favor terminol- 
ogy and metrics for buildings which are more compatible with their better 
established symmetric space counterparts. 

A boundary function defined a.e. In Section 8, we will define a group 
r that acts on X and is isomorphic to G{Os) up to finite groups (F is a 
lattice in the simply connected cover of G) . We will also define a F-invariant 
set A'^(F) C X such that T\N(T) is compact. A theorem of Lubotzky- 
Mozes-Raghunathan |L-M-Rj states that F is quasi-isometric to any metric 
neighborhood of an orbit of F in X. Hence, if we are given a quasi-isometry 
of G{Os), we may replace it with an equivalent quasi- isometric embedding 

(j) : iV(F) — > N{T) C X. 

Every direction in X (i.e. every geodesic ray) is contained in a flat. In 
Section 8 we will show that enough flats in X have enough of their volume 
contained in A^(F) to enable us to construct a boundary function 

d^-.Ua^ B{G), 

where Ug is a subcomplex of B{G) that has full measure in X. The function 
d(p is a simplicial isomorphism Ug onto its image. 

We state below a lemma on a topological property of d(j) that is proved 
in Section 9. First, we define AA(/) as the simplicial neighborhood in B{G) 
of a fixed (n — 2)-dimensional simplex / C B{G). That is, M{f) is the set 
of all chambers in B{G) containing /. We define Nu{f) to be the simplicial 
neighborhood of f in Ug, or M{f) Pi Ug. 
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Lemma 9.4 If f C Uq is a simplex of dimension n — 2, then dcpl^j^i^fj is 
continuous in the Furstenherg metric. 

Our goal is to show that d(j) is the restriction of an automorphism of 
B{G) which is continuous on X. Then by Tits' Theorem, dcj) is induced by 
an element of Aut(G) = Isom(X). Knowing this would enable us to apply 
an argument of Eskin's to show further that d(j) corresponds to an isometry 
of X which is a finite distance in the sup norm from 0. 

Embeddings of spherical buildings. An embedding of spherical buildings 
Bi into B2 is a function f : Bi ^ B2 that restricts to a simplicial isomorphism 
between Bi and f{Bi). 

We wish to describe a particularly nice class of embeddings that play a 
key role in our proof. These are embeddings which arise from extremely well 
behaved homomorphisms of rational points of simple groups. We begin by 
describing the latter. 

Let k be an arbitrary field and H a simple fc-group. If k' is an extension 
of A;, then there are injective group homomorphisms of H(A;) into H(A;') 
of the form f3 o ip^^ where -0 : — > A;' is an injective homomorphism of 
fields and /3 : '^H ^ H is a ^'-isomorphism of algebraic groups. Any such 
homomorphism will be called standard. 

Now let i3(H(/c)) and i3(H(/c')) be the spherical buildings for H(A;) and 
H(A;') respectively. A standard homomorphism induces an embedding / : 
B(H.{k)) B(H.{k')). We call any such embedding standard as well. 

Implicit in theorems of Tits and Borel-Tits, is 

Proposition 6.1 Let H be a simple connected k-group of adjoint type and 
assume k is infinite. If k' is an extension of k with k — rank(H) = k' — 
rank(H) > 2, then any embedding p : B(H.{k)) B(H.{k')) is standard. 

Proof: Let H(A;)"'" be the subgroup of H(A;) generated by the fe-points of the 
unipotent radicals of fc-parabolic subgroups of H. In Chapter 5 of |Ti 2j . Tits 
shows how to construct an injective group homomorphism p,, : il(k)~^ — > 
H(fc') which is induced by p. We have used the equal rank condition here. 

We would like to be able to apply the well known theorem of Borel-Tits 
that classifies certain abstract homomorphisms between rational points of 
simple groups as being standard ( jBo-T) Theorem (A)). 

By construction, p^: has a nontrivial image. Hence, our assumptions on 
H and k satisfy all of the hypotheses on p^ needed to apply the theorem of 
Borel-Tits except, possibly, for the condition that the image of p^: is Zariski 
dense in H. If we let M be the the Zariski closure of the image of p*, then 
our goal is to show that M = H. 

By Corollary 6.7 of |Bo-Tj . we know that tl{k)~^ has no proper finite 
index subgroup. Hence, M must be connected. Also note that M modulo 
its radical, R(M), has positive dimension since H(A;)^ is not solvable. In 
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particular there exists a connected simple factor L of positive dimension of 
M/R(M). 

We postcompose p-t with the natural sequence of homomorphisms, 

M ^ M/R(M) ^ L ^ Ad(L), 

to obtain a homomorphism H(/c)"'" — > Ad(L)(/c') with a nontrivial, Zariski 
dense image. Now we can apply Theorem (A) of |Bo-Tj to conclude that 
there exists a field homomorphism ip : k ^ k' and an isogeny '^H — > Ad(L). 
Therefore, 

dim(H) = dimC^H) = dim(Ad(L)) < dim(M/R(M)) < dim(M). 

Because H is connected and M < H, we conclude that M = H as de- 
sired. We are then able to apply Theorem (A) of ' Bo-Tj to our original 
homomorphism and arrive at our desired conclusion. 



A global sub-building. We would like to be able to apply Proposition 6.1 
to an algebraically defined sub-building of B{G). We will need to begin by 
finding an extension of for each v ^ S — Vj^ that is contained in 
and that satisfies the hypothesis of Proposition 6.1. This is the purpose of 
the following 

Lemma 6.2 For each v £ S, there is a finite algebraic extension of K 
such that is contained in and — rank(G) = — rank(G). 

Proof: Given a maximal -fCt,-torus T < G, there is a group element g £ 
G{Ky) such that is defined over K, where denotes the conjugate of 
T by g. See Section 7.1 Corollary 3 in |Pl-B,aj for a proof of this fact. It is 
assumed that K is a number field throughout most of Pl- P,aj . but the proof 
of this fact does not make an essential use of the number field assumption, 
aside from the proof of the X-rationality of the maximal toric variety of G. 
For a proof of this last fact over arbitrary fields K, see |Bo-Sp . 

Assume that T and g are as above and that i^t,— rank(T) = X^— rank(G). 
It is well known that there is a finite separable extension F'" of K over which 
splits (see e.g. pTl] 8.11). Hence, if X(^'T)l is the group of characters 
of defined over an extension L of K, we have 

X( ^T)^„ = X( ^'T)^, n X( f T)^„ = X( >^T)F^nK. . 

(Recall that a torus splits over a field L if and only if all of its characters 
are defined over L.) 

Therefore, we let = f] so that 

- rank(T) = - rank(^?T) = L"" - rank(S'T). 

Hence, 

- rank(G) < L"" - rank(G). 
Since < K^, the inequality is an equality. 
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We define the group 

gr= n 

ves-v^'" 

Let B{Gr) be the spherical building for Gr. By our choice of L^, the building 
B{Gr) has countably many chambers, the dimensions of 13{Gr) and 13{G) 
are equal, and B{G) naturally contains B{Gr) as a subcomplex. 

By conjugating G{Os)-, we can assume that B{Gr) C Uq. Indeed, since 
B{Gr) has countably many chambers, we can appeal to Lemma 8.9 below. 

Extending the global embedding. Define d(j)R as the restriction of d(j) 
to B{Gr). The induced group homomorphism 

dc^R* ■■ n ^ 

has a nontrivial image in each factor of G by construction. Also, Tits proved 
that each G{L^)^ is an abstract simple group ( ^Ti Ij Main Theorem). It 
follows that dcpR^:, and hence dcpR, preserves factors up to permutation. 

Therefore we can apply Proposition 6.1 to conclude that d(l)R is induced 
by a family of standard homomorphisms. Precisely, there is a permutation 
r of 5 — V^'", and for each v G S — V^'"' there exists an injective field 
homomorphism 

and a i^'^(„)-isomorphism of algebraic groups 

: ^"G ^ G 

such that d(j)R.t is the product of the homomorphisms 

Now extending d(f)R amounts to extending each ij:^. This is the technique 
of the proposition below. Before we continue though, we require an extra 
piece of notation. 

Let / C B{Gr) be an (n — 2)-dimensional simplex. We denote the sim- 
plicial neighborhood of / in B{Gr), or M{f) n B{Gr), by A/'ij(/). 
We continue with 

Proposition 6.3 The map d4>R : B{Gr) B{G) uniquely extends to an em- 
bedding d(j)R : B{G) B{G) which is uniformly continuous on the Fursten- 
berg boundary. 

Proof: Choose an apartment S C B{Gr) C B{G) and a chamber c C S. 
For any (n — 2)-dimensional simplex f c, there exists a root space i?/ C S 
(as defined in [tTI] 1.12) such that f <^dRf. 
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By Proposition 3.27 in |Ti 2j . any chamber in A/ij(/) is contained in an 
apartment of B{Gr) which contains Rf. Therefore, by Proposition 5.6(i) of 
|Ti 2j . there exists a valuation w{f) G S" — V^'" and an L^'^-^^-defined root 
subgroup Uw(f) < G, such that \]^(f-^{U"^f^) acts faithfully and transitively 
onNR{f)-{c}. 

The valuation w{f) depends on a choice of /. However, for any valuation 
V G V^'", we can choose a face fvQc such that w{fv) = v. We assume we 
have chosen such a face for all v £ S — Vj^ 

If K £ '^nifv) — {cv}, then for any u £ \Jv{L'") we have ub^ £ B{Gji). 
Therefore, 

d(l){uK) = d(l)R{uK) = (3o ^l{u)d(t)R{hy) 

Since MR{fv) C Muif), it follows from Lemma 9.4 that (3 o ip^, and hence 
ipy, is continuous for all f G 5 — V^'"". 

Using translation under addition, we see that ip^ is also uniformly con- 
tinuous. Therefore, we can complete ipy to ipy : ^ K^^^y Each -i/'j; is 
injective since any field homomorphism is injective. 

Now let d(j)R : B{G) — > B{G) be the embedding induced by the homomor- 
phisms (3vOip^ : G{L^) — > G{K^^^-^). The map d(j)R is clearly continuous on 
the Furstenberg boundary, and since the Furstenberg boundary is compact, 
d(pR is uniformly continuous. 



If ii' is a number field then d(j)R is an automorphism. In general though, it 
is not necessarily the case that a self-embedding of a spherical building is an 
automorphism. Take for example the spherical building for the standard flag 
complex of ¥^{¥q{{t))) which is both isomorphic to, and properly contains, 
the flag complex for {¥ g{{t'^))) . 

The surjectivity of d(pR will be shown in Lemma 6.8 and must wait until 
we can show that d(pR extends d(p. Then we can use the fact that d(p has a 
dense image. 

Extending the a.e. defined boundary function. Our goal is to show 
that d(l) is extended by dcpR. 

Earlier we chose each global field to be large in an algebraic sense 
with respect to each K^j. We can also assume that each L'" is topologically 
large with respect to each Ky by choosing < to be a dense subfield. 
Indeed, if L" is not dense we could replace L"" with a finite extension that 
is dense in K^. This will ensure that B{Gr) carries some of the topological 
information of B{G). In particular we have 

Lemma 6.4 For any [n — 2) -dimensional simplex f C B{Gr), the setNR{f) 
is dense in M{f) C B{G) under the subspace topology of the Furstenberg 
topology. 
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Proof: Let C B{Gr) be an apartment containing /, and suppose c/ C 
is a chamber containing /. 

As in the proof of the previous lemma, there is a valuation v S — V^'" 
and an L^'-defined root subgroup U < G, such that \J{L'") < Gr acts 
faithfully and transitively on the set Nnif) — {c/}. It also follows from 
Proposition 5.6(i) of |Ti 2j . that \J{K.u) < G acts faithfully and transitively 
on the set M{f) — {c/ }. Therefore, \J{L'") is homeomorphic to A/'_r(/) — 
{ Cf }, and \J{Ky) is homeomorphic to M{f) — {cf}. 

Since is dense in K^, and because U is isomorphic as an L^-variety to 
affine space, we have that U(L'^) is dense in 'U(Kv). Therefore, we have the 
following series of dense inclusions 

AfR{f)-{cf}QAf{f)-{cf} 

■ 

Let Fji be the set of (n — 2)-dimensional simplices in B{Gr) and define 

Dr= [j Muif) 

We use the topological properties of B{Gr), and of dcpR, to deduce topo- 
logical properties of d(j)\Dji in the following 

Lemma 6.5 The function d(p\£i^ : S{G) is Furstenherg continuous. 

Proof: Let e > and a chamber ci C Dr be given. 
By Proposition 6.3, there is a (^/j > such that 

d(d(^{wi) , d(i){w2)) < e/3 

for all chambers wi,W2 C B{Gr) with d{wi,W2) < Sr. 

Suppose C2 C Dn is a chamber with d{ci, 02) < 5r/2>. By Lemma 6.4 and 
Lemma 9.4, there are chambers C B{Gr) that intersect Cj in an (n — 2)- 
dimensional simplex, and such that d{ci,c'j) < Sr/3 and d{d4){ci),d(j){d^)) < 
e/3. Hence 

did<Pici),d^{c2)) < d(9</>(c;),50(c'2)) + sLid(a</.(Q),50(c:)) < e. 



Since OcPIdr and dcpR are continuous we have 

Lemma 6.6 For any simplex q C Dji, we have d(j){q) = d(j)R{q). 

Proof: Both S^Id^ and d(l)ji\DR are continuous so they are uniquely de- 
termined by d(j)R. Indeed, according to Lemma 6.4, B{Gr) is Furstenberg 
dense in Dr. 
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In Section 8, a maximal i^T^-split torus Av < G is chosen for each v e 
S — y^'". The tori are used to supply an ergodic theory argument that 
allows for the creation of the boundary function d(j) : Uq S{G). 

Let C 13(G) be the apartment stabilized by the group 

H A^{K^) < a. 

ves-v^-" 

By conjugating G{Os), we may assume that Tia is an apartment in A{Gr). 
Let W be the Weyl group with respect to S^, and denote a fixed chamber 
in Ha by a"^. Let a" be the chamber in Ha opposite of a"^. For each w eW 
we let < G he the stabilizer of wa~^ . 

In Section 8, we will see that there exists a co-null subset U C. G such 
that Uq = Ua^. By Fubini's theorem, we can conjugate G{Os) such that 
Pwf^U\s co-null in P^j for al\w ^W. 

Define 

Ua ={ gwa- eX \ g ePu,nU} 

and 

= {geU\ gwa- G }. 

Note that wa~ is opposite of wa'^, so we have that PwWa~ is a full measure 
subset of X. Since P^ DU is co-null in Pyj, it follows that Uq is a full 
measure subset of X. Hence, C G is co-null for all w G W. Consequently, 
riw^wW^ C G is co-null. 

We replace U with Hw^w^^^- As a result, if c C Ug is a chamber, then 
there is an apartment Sc which is completely contained in Uq, and such that 
the chamber opposite from c in Ec is contained in E^. For any chamber 
c C Uq, we let 

(5a (c) = inin{ d^^{c, Ha)}, 

where the min is taken over all as above with respect to the Tits metric 
ds^ on Sc. 

We can now improve upon Lemma 6.6. 

Lemma 6.7 For any simplex q C Uq, we have d(f){q) = d(pR{q). 

Proof: For a chamber c C Uq, we prove that (?^(c) = d(l)R{c) by induction 
on 5a (c). 

If Sa{c) < 1, then the result follows from the previous lemma. Now 

suppose the result is true for any chamber f gUq with (5a(/) ^ k — 1, and 
let c G Uq he a chamber with 6a{c) = k. 

Let He C Uq be an apartment containing c, and such that the chamber 
in He opposite of c is contained in Ha- Choose a chamber f G H^ such 
that dj2^{c, f) = 1 and (5a(/) < k. If f"^ is the chamber in He opposite of 
/, then 5a(/°^) < 1. By our induction hypothesis, d4'{f) = d(pji{f) and 

dcj>{rp) = dMrn- 
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It will be shown in Lemma 8.8 that d(p preserves apartments. Therefore, 
d(p{T,c) is an apartment. In fact, d(p{T,c) is the unique apartment containing 
d(j)R{f) and d(j)ji{f°^). Note that 9(/)ij(Sc) is also the unique apartment 
containing d(j)pi{f) and (90/{(/°^). 

We conclude our proof by observing that both d(f){c) and d(pji{c) must 
be the unique chamber in 9(/)(Sc) = d(j)R{T,c) that contains d(f){c H /) = 

dMcnf), but not d<pif) = dMf)- 



The extension is an automorphism. Now that we have shown that 
extends d(p, we have to prove that d(pR is surjective, and hence an automor- 
phism of B{G). Then it follows that d4)R corresponds to an automorphism 
of G, or alternatively, an isometry of X. 

Lemma 6.8 The map d(j)R is an automorphism of 13(G). 

Proof: Let (p* be a coarse inverse for (p, and define Uq* and d(p*j^ analogously 
to Ug and (9(/>i?. 

Let T, G Ug, and let F C X be the flat corresponding to S. Note that 
(f)o (p* preserves the portion of F that lies near an orbit of G{Os) in X (see 
Section 8). Since F is the only flat in X that is a finite Hausdorff distance 
from itself, it follows that 

Hence, 

U*9Cd^{B{G)). 

Note that the map d(j)R either has a closed null image or is surjective since 
is a ?/'i,(L^)-vector space. The lemma follows since Uq is co-null in X. 



Automorphisms that correspond to quasi-isometries. Let Hd denote 
the Hausdorff distance between closed subsets of G. We define the group 

AutHd(G; GiOs)) = G Aut(G) | Hd(v9(G(05)) , G(Os)) < oo }. 

Using Lemma 6.7 and Lemma 8.3(vii), Eskin's proof that the automor- 
phism dcpFt £ Aut(G) = Isom(A) corresponds to an isometry of X that is a 
finite distance from (p ( jEsj Step 7) can be applied to show 

Proposition 6.9 There is an isomorphism of topological groups 
QliGiOs)) = AutndiG;G{Os)) 



The proof proceeds by identifying points in X as intersections of flats 
in X. Flats are parameterized by apartments in B{G), so d(f)R completely 
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determines where points in X are mapped to under the corresponding isom- 
etry of X. Any point in a G(05)-orbit is a bounded distance from the 
intersection of flats whose boundaries are in Uq. Therefore, (j) maps points 
in a G(05)-orbit to within a bounded distance of their images under the 
isometry corresponding to 50/?. 

Eskin's proof makes no mention of the topological nature of this isomor- 
phism, but it clearly follows. The fact that the isomorphism is topological is 
more interesting in the ^'-arithmetic setting since merely the abstract group 
type of the quasi-isometry group of an arithmetic lattice in a real semisimple 
Lie group determines the lattice up to commensurability. 

7. Automorphisms coarsely preserving lattices 

We want to determine the group AutHd(G; G((95)) and complete our 
proof of Theorem 1.1. 

The case of anisotropic groups. Notice that if G is i^-anisotropic, then 
AutHd(G; G(C'5)) is isomorphic to Aut(G). Indeed, G{Os) is a cocompact 
lattice in G so Hd(G, G{Os)) < oo. Thus, our proof of Theorem l.l(iii) is 
complete (assuming the results from Sections 8 and 9). 

The function field case for isotropic groups. The proof of Theorem 
1.1 (ii) concludes with Lemma 7.1 below. We include the proof here to group 
it with similar results, but its proof uses notation and concepts defined in 
Section 8. The reader may want to return to the proof of this small fact 
after having read what will follow. 

Lemma 7.1 If G is K-isotropic, then the group AutiidiG;G{Os)) is a 
measure zero subgroup o/Aut(G). 

Proof: For a given element of AutHdCG; G{Os)), we let ^ : X — X be the 

corresponding isometry. Wc choose a neighborhood N(Ty C X of the set 
N{r) from Lemma 8.3, such that A^(r) C g{N{Ty). 

Define vol^ to be Lebesgue measure on F, and let e be as in Lemma 8.3. 
There is a Weyl chamber C C X such that for any g G AutHdlG'; G{Os)), 
for any flat F C X that contains <t up to Hausdorff equivalence, and for any 
point X & F, we have 



Let F' C X he a flat containing ^(C) up to Hausdorff equivalence. Then, 
by replacing F with g~^{F') in the preceding inequality, it follows that for 
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any point y G F': 

voIf' ([F' nN{T)]nBy{r)) 

lim 7 r < 1- s. 

voV [Byir)) 

Therefore, F' ^ il. Hence, if c C B{G) is the chamber representing the 
equivalence class of <t, then AutHdlC; G{Os)) • c C B{G) — Uq. 

The lemma follows from Fubini's theorem since Uq is co-null in X. 



The number field case for isotropic groups. The proof of the following 
proposition was indicated to me by Nimish Shah, and it completes the proof 
of Theorem l.l(i). 

Proposition 7.2 If K is a number field and G is K -isotropic, then 
AutHd (G; G{Os)) = Comm ( G{Os)) . 

Proof: Let if G AutHd(G, G{Os))- We have to show that ip £ Comm(G(C'5)). 

To simplify notation we let A = 0(0^) and A"^ = ip{G{Os))- By re- 
placing A with a finite index subgroup, we can assume that A and A'^ are 
contained in the group 

G+=nG(K.)+. 

By Ratner's theorem on unipotent flows ( Ra Theorem 6.4), the orbit 
of the point (A, A*^) in G+/A x G+/A'^ under the diagonal action of G+ is 
homogeneous. If we denote the diagonal embedding of into G^ x G^ by 
AG^ , then the previous sentence says that 

AG+{A,A^) = L{A,A^), 

where L is a closed subgroup of G^ x G^ which contains AG"*". 
We claim that either L = AG^ or there is some v £ S such that 

1 X G{K^)+ < (1 X G+) nL. 

Indeed, if < L, then there are group elements gi,g2 S G~^ such that 

(91^92) £ F and gi ^ g2. Hence, there is some g G G~^ with g / 1 and 
(1, g) G F. That is to say, (1 x G^) n L is nontrivial. Note that if (1, h) e L, 
then for any g G G^ , we have {l,ghg^^) = (g, g){l, h){g^^ , g^^) £ F since 
AG"*" < F. Thus, (1 X G+) n L is a normal subgroup of 1 x G+. Now 
a theorem of Tits' f |Ti Ij Main Theorem) tells us that that each group 
G{Kv)^ is simple since G has a trivial center. Therefore, 1 x G{Ky)^ < F 
for some v £ S, since (1 x G+) HL is a nontrivial normal subgroup of 1 x G^. 
Thus, our claim is proved. 

If it is the case that 1 x G{Ky)+ < F, then AG+(A, A'^) contains {A} x 
G^/A'^, as A*^ is irreducible. Hence, for any g £ G^ , there is a sequence 
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{gk} ^ G+ such that Agk{A,A'^) {A,gA'^). Since QkA A, it follows 
that there are sequences {hk} ^ and {Xk} £ A, such that gk = h^Xk 
and hk 1. Therefore, h'^^Qk G A and K^^gkA^ gA^ which proves that 
AA*^ = / A^ . Note that our assumption that (/? G AutHd(G;A) implies 
that AA*^ is bounded. Thus, this case is precluded. 

We are left to consider the case when AG^ = L. We will show that AA*^ C 
/ A^ is a closed set. To this end, suppose there is a sequence {A^} C A 
and a group element g € G^ with A^A'^ gA'^. Then AAfc(A, A"^) 
{A,gA'f). Since AG+(A,A'^) is closed, {A^gA"^) = A/i(A,A'^) for some h £ 
G^ . Therefore, gA'^ = hA^ . Since hA = A, we have h £ A which shows that 
AA"^ is closed. 

Since AA"^ is bounded, it must be compact which would require it to be 
finite or perfect. As perfect sets are known to be uncountable, AA"^ is finite. 
That is if £ Comm(G(05)) as desired. 



Assuming the material from Sections 8 and 9, the proof of Theorem 1.1 is 
complete. It is the absence of the counterpart to Proposition 7.2 for function 
fields that leads to the discrepancy between (i) and (ii) of Theorem 1.1 and 
Corollary 1.2. 

The commensurator group. We close this section with a lemma that 
provides a concrete description of Comm(G(C'5)). 

Lemma 7.3 The group Comm(G(05)) is an extension o/Aut(G)(A') by 
Aut(ir)G,5. If G is K-split and defined over a subfield of K that is fixed 
pointwise by Aut{K)G^s, then 



Proof: Recall that G{Os) is embedded diagonally in G with respect to the 
simple factors of G. Hence, any group element in Comm(G(05)) CiG would 
have to take a finite index diagonal subgroup of G{Os) into the diagonal of 
G. It follows from the Borel density theorem that any finite index subgroup 
of G{Os) is a Zariski dense subset in each simple factor of G. Therefore, 
Comm(G(C?5')) H G is also contained in the diagonal of G. 

We have shown that, as an abstract group, Comm(G(C'5)) n G is a sub- 
group of the group L of inner automorphisms of G{K^) which commensurate 
G{Os) < G{Ky); the choice oi v £ S - V^'" is arbitrary. 

Borel's well known determination of inner commensurators for arithmetic 



groups ( |Bo Ij Theorem 2) essentially contains a proof that L = G{K) < 
G{K^). Therefore, Comm(G(C'5)) n G is the diagonal subgroup A G(i^) < 
G. 
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If (p £ Comm(G(05')), then G{Os) and ip{G{Os)) are commensurable. 
Hence, an inner automorphism of G commensurates G{Os) if and only if it 
commensurates ip{G{Os))- Therefore, ip{AG{K)) = AG{K). 

Conversely, suppose if is an automorphism of G with ip{AG{K)) = 
AG{K). Then ip{G{Os)) is a lattice contained in AG{K), so ip{G{Os)) 
is commensurable to G{Os) by the proof of the Margulis-Venkataramana 
arithmeticity theorem (see |Marj pages 307-311). Therefore, if S Comm(G(05)). 

Hence, finding Comm(G(C'5)) amounts to finding the subgroup of Aut(G) 
that stabilizes AG{K). This is what we shall do. 

Suppo se V G Aut(G) and that V(AG(K)) = AG{K). By Theorem (A) 
of |Bo-Tj ■ ip £ Aut(G) can be uniquely written in the form 

VGS-V^'"- 

for some permutation r of 5 — V^'"", a collection of field isomorphisms 
Uy : Ky K^i^y-^, and a collection (3y : ""G ^ G of -isomorphisms of 
algebraic groups. Since ■0 is a homeomorphism, each field isomorphism Oy 
is a homeomorphism as well. 

Since A G{K) is stabilized by tp, 

Pv o aSlG(i^) = PwO a^lG(K) 

for all v,w G S — V^'". Again by Theorem (A) of |Bo-Tj . there exists 
a unique a £ Aut{K) and a unique A'-isomorphism of algebraic groups 
6 : '^G — > G, such that S o cjO is extended by all Py o a°. 

Because each ay is a homeomorphism, a : K ^ K is a homeomorphism 
between K with the u-topology and K with the r(f )-topology. Therefore, 
t{v) = a ■ V for all V £ S — V^'°'. That is, a £ Aut(-R')G,5- 

We have identified an inclusion of Comm(G(C'5')) into the group of pairs 
{S,a), where a £ Aut(K)G,s and 6 : ''G ^ G is a ii'-isomorphism. To 
see that the inclusion is an isomorphism, let {6, a) be a given pair as above. 
For any v £ S — let ay : K ^ K be defined by cj^(x) = a{x). We 

assume that the domain of ay has the f-topology and that the image of ay 
has the a ■ f-topology. Hence, ay is continuous, and it may be completed 
topologically to obtain an isomorphism a^ : Ky — > Kfj.y. Then we define a 
homomorphism G{Ky) G^K^^.y) by 6oay°. The product map 

5 0^° 

is then an automorphism of G that stabilizes AG{K). Hence, the group of 
pairs {S,a) as above is isomorphic to Comm(G(C's)). 

Notice that the group operation on Comm(G(05)) is given by {6, a){6' , a') = 
{6 o "6' ,aa'), where "5' : G ^ "G is the iT-isomorphism obtained by 
applying a to the coefficients of the polynomials defining 5' . This is the 
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group structure of an extension: 

1 ^ Aut(G)(i^) ^ Comm(G(C'5)) ^ Ant{K)G,s ^ 1- 

The above extension splits if G is defined over a subfield of K that is fixed 
pointwise by Aut(-fC)G,5- Indeed, if G is defined over such a field, then for 
any a £ Aut{K) we have "^G = G. It follows that if idc : G ^ G is the 
identity map, then the pairs (idea) exist in Comm(G(C'5)). Hence, the 
extension splits. 

For the statement that G being iC-split implies 

Aut(G)(K) ^ G(K) X Out{G){K), 

see, for example, the discussion in 5.7.2 of |Ti 2j . (Recall that we identify 
Out(G) with the automorphism group of the Dynkin diagram of G.) 

■ 

8. Constructing a boundary function defined a.e. 

Sections 6 and 7 show the conclusion of the proof for Theorem 1.1 once 
the boundary function dcp : Ug ^ ^{G) is created. In section 8, we outline 
the construction of dcf). We will refer to |Esj for most of the details of the 
construction. 

Replacing the word metric. Let G be the algebraic simply connected 
cover of G. We define 

H= J] G{K,) 

ves-v^-" 

and 

r = GiOs). 

Note that T and G{Os) are commensurable up to finite kernels (see e.g. 
[IVWlj I.S.l.l.iv). 

Let be a maximal compact subgroup of H, and let e' > be given. Let 
H be the probability measure on T\H which is derived from Haar measure 
on H. We choose a compact set D C T\H which contains the coset F, and 
such that n{D) > 1 - e' . 

We denote by A^(F)° C H/R the set of all cosets with a representative in 
H that maps into D under the quotient map H — > T\H. In symbols, 

N{rf = {hSi£ H/R \TheD]. 

Since R is the isotropy group of a point in X, we can identify H/R as a 
subset of X. For each hR S H / R, we let P{hR) be the set of points in X 
that are at least as close to hR G X as to any other point of H/R C X. 
Precisely: 

P{hR) = { X G X I d{x, hR) < d{x, gR) for aWg^H}. 
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Let 

iv(r) = u nh^)- 

hmN{T)° 

Notice that N{T) C X contains the orbit T^. Since r\iV(r)° = D and 
P{R) are compact, r\N{r) = r\[iV(r)°P(j^)] is compact. Thus, T is quasi- 
isometric to A^(r) C X with the path metric. 

The geometry of A^(r) C X with the path metric is more convenient 
to work with than the word metric on T. More convenient still, would be 
working with the geometry of A^(r) under the restricted metric from X. 

In general, a lattice is not quasi-isometric to its orbit with the restricted 
metric, but with our standing assumption that G is placewise not rank one, 
we can apply the theorem below from |L-M-R,j 

Theorem 8.1 (Lubotzky-Mozes-Raghunathan) The word metric on T 
is quasi-isometric to N(T) C X with the restricted metric. 

Using Theorem 8.1, the fact that T and G{Os) are commensurable up 
to finite kernels, and the fact that the inclusion of A^(r) with the restricted 
metric into X is isometric, we can realize a given quasi-isometry 

(/. : G{Os) ^ G{Os) 
by a quasi isometric embedding 

A^(r) ^ X. 

The resulting embedding is a finite distance in the sup norm from (j), so we 
will also denote it by (f). We will assume that 

(j) : N{T) X 

is a (k, C) quasi-isometric embedding. 

Ergodic actions of abelian groups. For each v S — V^'", let Av be a 
maximal -fC^-split torus in G. We define the group 

A= Y[ A^{K,) < H. 

We denote the flat corresponding to A hy A X. We may assume that 
^gA. 

We introduce a pseudometric dA on A by setting dyi (01,02) to be equal 
to d{ai^, a2^) for ai^, G X. 

There is also a Haar measure on A which we denote by da. We denote 
Lebesgue measure on A by vol^. Then, after a normalization, we have for 
any measurable set Y <^ A: 

da(^A n(^\J aSia-^^^ = voU (-^^ J 
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The BirkhofF ergodic theorem is usually stated for an ergodic action of 
Z. However, a careful reading of the proof of the Birkhoff ergodic theorem 
shows that it applies to ergodic actions of our pseudometric group A as well 
(see e.g. jBlj Theorem 3.2). That is, if we let Bi{r) C A be the ball of 
radius r centered at the identity element of A, then we have the following 

Proposition 8.2 (Birkhoff ergodic theorem) If Y is a finite volume 
right ergodic A-space and f G L^{Y), then for a.e. y G Y: 



Prasad's proof of the strong approximation theorem for simply connected 
semisimple Lie groups contains a proof of the ergodicity of the yl-action on 
T\H (see |Pr 3j Lemma 2.9). Hence, we can apply the Birkhoff ergodic 
theorem to the action of A on T\H. 

Generic fiats have most of their volume near F. Following Eskin, we 
are now prepared to show that a generic flat in X has most of its volume 
contained in A^(F) C X. 

For any group element h £ H, define volhA to be Lebesgue measure on 
the flat hA C X. That is, for any measurable set Y C HA, we let 



Thus, the measure volhA is compatible da in a natural way. 

We denote by -B^'^(r) C HA the metric ball centered at the point x G HA 
with radius r > 0. Denote the characteristic functions of A^(F) C X and 
D C r\A''(r) by XAf(r) aiid xd respectively. 

By Proposition 8.2, we have that for n a.e. Th G T\H: 




voW(y) = voU(/i-iy). 




>l-e'. 
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The inequality shows that for a.e. Th G ^\H, any 7 G F, and any point 



^hA(bhAnN{T)]nB2''-^{r)) 
>l-e' 



vol 

Hm 

yjhA 



Hence, the generic flat has much of its volume contained in A^(r). 

The above argument is the basic idea behind Lemma 8.3 below. Refin- 
ing the argument will yield more precise information about how much of a 
generic flat is contained in A^(r). Then we will be in a position to apply 
the quasiflats with holes theorem from |Wlj to begin constructing a map on 
B{G). 



More on the position of a generic flat with respect to T. Let h £ H. 

For a set W X contained in the flat hA, we let 

W(s,p) = {xeW\ B^^{ed{x, y))r\W ^$ for all yehA- B^-^{p) }. 

Hence, is the set of all points x £ W which can serve as an observation 

point from which all points in hA (that are a sufficient distance from x) have 
a distance from W that is proportional to their distance from x. 

We denote the metric r-neighborhood of a set Y <^ X hy Nbhdr(y). We 
denote the Hausdorff distance between two sets P, Q X by Hd(P, Q). 

Recall the definition of a wall L C X as a codimension 1 affine subspace 
of a fiat, that is contained in at least two distinct flats. 

Lemma 8.3 below is an amalgam of Lemmas 2.2, 3.2, and 5.2 from |Esj . 
We omit the proof of the lemma as it is nearly identical to those in |Esj . 
We note that the proof follows the principle shown above using the Birkhoff 
ergodic theorem. 

We will assume throughout that e > is a sufficiently small number 
depending on n and X. 



Lemma 8.3 There are constants p > 0, and p' > depending on e and X ; 
constants Xq > 1, Xi > 1, N' > 0, m > 0, and 1 > 6 > depending on X; 
and a T-invariant co-null set U C H such that for any h € U there are sets 

^Ia e ^hA ^ ^'hA ^hAn N{T) 

which satisfy the following properties: 
(i) For any point x G hA: 

wo\hA{[hAf\N{T)]^B^^{r)) 

lim ^ r ^ > 1 - e/4. 

vol,^ (i?5^(r)) 
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(ii) C (^hA n A^(r))^^ and for any point x G hA: 

lim ^ — r — ^ > 1 - e/2. 



(in) ^hA ^ and for any point x £ hA: 



yohAi^hAnB^^ir) 

lim ^ — ^ — ^ > 1 - e/2. 

voWf i?5-^(r) 



r— >oo 



For any point x G /i.4; 



vol,^(f)*_4ni?,^-^(r) 
lim y ^ — — > 1 — me. 



(v) If y G ^hA ^^'^ ^ ^ ^^^^ with d{y,L) < N' then there is a 

group element h' gU such that 

h'AnhA^mM2N'{L) 

and 

Hd (hAnNhMr{h'A) , l) < Air 



for any r > Aq. 

(vi) For any wall L C A and any point x £ hA: 

voW (ni_^nB^-^ir)nhL) 

lim ^ ^ ^ > b. 

yohA [Bh^r) 

(vii) There is aT invariant set ECU such that fi{T\E) > 1 — e/2, and 
h^ G ClhA for any h G E. 



Remarks. There are some differences in this lemma with Lemmas 2.2, 
3.2, and 5.2 in |Esj . In particular, the transverse flats in part (v) do not 
necessarily intersect in a wall for the general space X, as can be arranged if 
X is a symmetric space. Take for example a regular trivalent tree which is 
the Euclidean building for SL2(Q2)- The walls in this example are vertices; 
the flats are lines, and there is no pair of lines which intersect in a single 
point. 

Also, the constant b in part (vi) is shown in |Esj to be nearly one. This 
discrepancy is essentially due to the fact that if X is a Euclidean building, 
then the orbit of P{^) under the action of the p-adic group that stabilizes a 
wall containing ^ may not contain all of L. Take for example the building 
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for SL3(Qp). However, Eskin's proof only uses that the constant is greater 
than 0, and that is ah we shah need as weh. 

A collection of useful flats. Lemma 8.3 provides us with a collection of 
flats in X that have most of their volume, and a substantial portion of the 
volume of their walls, contained in A^(r). We denote this collection of flats 
by il. That is, 

ii = {hA\heU}. 

Since any flat F G il has most of its volume contained in A^(r), we can 
restrict (j) '■ -^(r) X to F f] N(T) and begin to analyze the image using 
Theorem 1.2 of |Wlj . We state this theorem as 

Theorem 8.4 (Quasiflats with holes) Let ip : Q ^ X be a {k,C) quasi- 
isometric embedding of a set Vt C E". There are constants M = M{k,X) 
and 6o = do{K, X) such that if S < Sq, then there exists flats Fi, F2, Fm ^ 
X such that 

M 

(^(%^)) CNbhd;v(U^O' 

i=l 

where N = N{k,C,R,X). 

Theorem 8.4, and the fact that a generic flat F <^ X is contained in il, 
positions us to begin constructing the function d(j) : Ug — > B{G) where the 
set Ug C B{G) has full measure in X. 

Weyl chambers are mapped to Weyl chambers. For points x, z,w & X 
and a number p >0, we let 

Dxip; z, w) = max{/9, d{x, z),d{x, w)}. 

Define a function (p : X ^ Y to he a (k, p, e) graded quasi-isometric embed- 
ding based at x £ X, if for all z,w £ X: 

—d{z, w) — eDxip; z, w) < d{(p{z), (j){w)) < Kd{z, w) + eDx{p; z, w). 

If F £ a we let p : F ^ 0,'p he a closest point projection and define 

(pp: F ^ X 

hy (j)F = 4> ° P- 

If X S Hp, then using Lemma 8.3(ii), (pp is a (k, p, 2Ke) graded quasi- 
isometric embedding based at x. Also note that by Theorem 8.4, (f)p{F) is 
contained in a neighborhood of finitely many flats since 

We fix a Weyl chamber A'^ C A based at ^ £ X. For any h £ H, let 
hA'^ {00) he the equivalence class of HA'^ in X. 
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For two subsets A and C of X, any point x £ X, and a small number 
6 > 0, we write A ~5 C if 

Hd {A nB^{r),Cn B^{r)) < 6r 

for all sufficiently large numbers r > 0. 

At this point in |Esj . a detailed argument is used to show the analogue of 
the lemma below (Lemma 3.14 in Es ) for the case when X is a symmetric 
space. 

Lemma 8.5 Suppose hA £ ii for some h £ H. There exists a constant A 
depending on k and X, and some k £ R depending on h, such that 

Eskin's proof proceeds by first showing that if L is a wall of a flat F G il, 
then (pF maps L into a "graded neighborhood" of a wall L' C X. (For a 
definition of a graded neighborhood see below, before the proof of Lemma 
8.7.) This is shown using the Eskin-Farb quasiflats with holes theorem and 
the characterization of walls of flats in il as "coarse intersections" of flats in 
11 (see Lemma 8.3(v)). A key ingredient for this step is Eskin's "no turns" 
lemma about quasi-isometries of Euclidean space which respect a family 
of hyperplanes. (In this case the Euclidean spaces are our flats, and the 
hyperplanes are the walls of the flats.) 

Since Weyl chambers are deflned by the set of walls that bound them, 
Eskin uses the information about the images of walls to deduce the lemma 
above for symmetric spaces. 

Eskin's proof of the symmetric space version of Lemma 8.5 uses the geom- 
etry of symmetric spaces mostly to supply foundational tools for the main 
argument. We will replace these tools with analogues that hold for products 
of symmetric spaces and Euclidean buildings. 

The flrst of the foundational tools needed is Lemma 8.3 — even here Eskin's 
proof applied to the general case. The second tool is Theorem 8.4 which was 
proved in |Wlj . The last two tools needed are Lemmas 8.6 and 8.7 below. 
They are direct analogues of Lemmas B.l and B.7 of |Esj respectively. After 
proving Lemmas 8.6 and 8.7, the foundation to carry out Eskin's proof for 
the general space X will be in place. Then Eskin's proof applies to establish 
Lemma 8.5. 

Coarse intersections of convex polyhedra. Any wall, L, in a flat F C 
X, divides F into two components. The closure of any such component is 
called a half-space. We define a convex polyhedron in X as an intersection of 
a fiat, F, with a (possibly empty) finite collection of half-spaces contained 
in F. Note that fiats are convex polyhedra, as are walls. 

The following lemma is an analogue of Lemma B.l in [Es^- It allows us 
to replace coarse intersections of fiats, walls, or convex polyhedra with a 
convex polyhedron. 
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Lemma 8.6 There are constants, A2 and A3, such that if Qi and Q2 are 
convex polyhedra in X, and if r > A2(l + d{Qi, Q2)), then there is a convex 
polyhedron P Qi such that 

Hd(QinNbhd,(Q2) , P) < Asr. 



Proof: If Qfc C X is a convex polyhedron in the flat ^ X, and if 
Pk,oo ^ ^00 and p C Xp are flats such that = -Ffc^oo x F^ p, then 

Hk,oo,i X Pk,p] n Pi (Fk,oo X Hi 



where each -fffc,oo,i ^ -^fc,oo and each -fffc.p.j ^ -^fe,p is a half-space. 
Hence, if Qfc 00 ^ -^fc 00 is the convex polyhedron given by 



Q 



k,oo 



A;, 00 



n 



and Qfc^p C F^^p is the convex polyhedron given by 

Qk,p = Fk,p n P Hk^p^i, 
i 

then Qfc = Qfc,oo x Q^^p. 
Note that 

Qi,oonNbhd^/^(g2,oo) X Qi,p n Nbhd^/^(Q2,p; 

c 

QinNbhd,(Q2) 

c 



Qi,oonNbhd,.(g2 .c 



Qi,pnNbhd^(g2,p) 



so we can reduce the proof of this lemma to the separate cases oi X = X^o 
and X = Xp. The former case is Lemma B.l of |Esj . We will prove the 
lemma for the latter case. 

Let Qi and Q2 be convex polyhedron in a Euclidean building Xp. Let 
F C Xp be an apartment (flat) containing Qi. 

Define 

Pd{Q^,Q2) = <3l nNbhdd(Q^,Q2)(Q2) 

Since Q2 is convex, ]>Shhdd(Q^^Q2){Q2) is convex as well ( |Bri-Hj Cor. 11.2.5(1)). 
Therefore Pd{Qi,Q2) is convex. In fact, Pd{Qi,Q2) is a convex polyhedron. In- 
deed, if c C F is a chamber, let 



Pf,c '■ Xp 



F 



be the retraction corresponding to F and c. Then d{x,y) = d{x, pF,c{y)) for 
all a; E c and all y G Q2. (For a good reference for retractions, and for build- 
ings in general, see |Broj .) Therefore, points in dP^^Q^^Q^) are determined 
by translating the region pF,<^{Q2) a distance of d{Qi,Q2). Hence, Pd{Qi,Q2) 
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is bounded by walls which are translates of the walls bounding pF,ciQ2)- 
Since Pd{Qi,Q2) convex, and since there are finitely many parallel families 
of walls in F, Pd{Qi,Q2) bounded by finitely many walls. 
We let each ifj C F be a half-space such that 

i 

For any number r > 0, let H^'^ C F he the half-space that contains Hi, 
and with the additional property that 

Hd {Hi,Hl+)=r + d{QuQ2). 

Define the convex polyhedron P+ by 

p+ = Q^r^[f]Hl+). 

i 

We claim that if r > 0, then 

Qi n Nbhd^(Q2) C P+. 
That is, we want to prove that 

Qi n Nbhd^(Q2) C HI+ 
for all i. To this end, let Cj C F be a chamber that is separated from 
PdiQ,,Q,) by dHl+. Let 

PF,c, -.Xp^F 

be the retraction corresponding to Cj and F. Since PF,Ci^s distance nonin- 
creasing, we have that 

d{pF,Ci{Pd{Qi,Q2)) > PF,Ci{Q2)) < d{Pa{^Q^^Q^) , Q2) = d{Qi , Q2). 
Therefore, ii x ^ Q2: 

d{dHl+,x)>d{dHl+,pF,cix)) 

> d{dHl+ , Pd{Q,,Q2)) - d{Pd{Qi,Q2) ' PF,Ci{x)) 
= r + d{Qi,Q2) - d{pF,Ci{Pd{QuQ2)) ' PF,Ci{x)) 

> r. 

Hence, 

Qi n Nbhd^(g2) C HI+ 

as desired. 

We have shown that Qi nNbhdr(<52) is contained in a convex polyhedron 

created by pushing out the walls of Pd{Qi,Q2) by a uniform distance that 
is linear in r. Next we observe that Qi n Nbhdr(Q2) also contains a con- 
vex polyhedron created by pushing out the walls of Pd{Qi,Q2) by a uniform 
distance that is linear in r. 

Indeed, since there are only finitely many walls in any flat F' up to trans- 
lation, there exists a positive constant /3 < 1 depending only on X, such 
that if Q C is a convex polyhedron, s > 0, and Q{s) C F' is the convex 
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polyhedron obtained by pushing out the walls that bound Q by a distance 
of f3s, then 

Q{s) C Nbhds(Q)nF'. 
Thus for any number r > d{Qi, Q2), and for the set of half-spaces {Hi} 
that define Pd{Qi,Q2)' '^^ ^ be the half-space containing Hi and 

such that 

Rd{H,,Hl-) =p{r-d{QuQ2))- 
And we define the convex polyhedron P~ by 

P- = Qin[f]Hr), 

i 

SO that 

P- C Nbhd(^_d(Q^,Q2))(Prf(Q^,Q2)) n F 
C QinNbhd,(Q2) 
In summary, we have shown that for r > d{Qi, Q2) 

P~ C QinNbhd,(Q2) ^-P/ 

The lemma follows since there clearly exists a constant A' depending only 
on Xp such that 

Hd {P~ , P+) <X'[r + d{Qi, Q2) - (3{r - Q2))] 

< \'[r + 2d{Qi,Q2)] 

< A'[3r]. 



Graded equivalence implies Hausdorff" equivalence for Weyl cham- 
bers. Let Aa C ^ be a wall containing For any collection of such walls 

{ A-a }ag(T J let 

For any set A (Z X and any t > 0, we define the graded t-neighborhood of 
A as the set 

A[t] = {x £ X \ there is an a G A with d{x, a) < td{x,^) }. 
The following lemma is a generalization of Lemma B.7 in |Esj . 

Lemma 8.7 Assume there are three group elements h, hi, h2 & H and that, 
outside of some metric ball, 

hAt C [A ^ n h2A+ [A ^ . 

If ki,k2 G A satisfy the condition 

Hd(/ii^+ , kiA'^) < 00, 
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then 

Proof: A Weyl chamber C X is a product of Weyl chambers ^oo ^ -'^oo 
and £p C Xp. Note that G^oo x ^ (^^'oo ^ '^pW iniphes that, outside of a 
ball, e^oo ^ '^'ooi^'] Coo ^ '^'ooi*'] > ^- Hence, we only need to show 

the case of a building since symmetric spaces are covered by Lemma B.7 of 

We can replace hA'^ by kA'^ for some k £ R such that ILd{hA^ , kA'^) < 
OO. Then 

kAt Q kiA+[X ^] n A;2^+[A ^ 

outside of a large ball. 

For any r > 0, let G A'^ be such that ^(0^,^^) > r for all a ^ 
o". By the preceding inclusion, there exist points 01,02 G A'^ such that 
d{kar, kitti) < A {/er for all sufficiently large numbers r. Therefore, d{kiai, k2a2) < 

There is an apartment A' C Xp such that, outside of a ball, kiA'^ C A! 
for i = 1,2. If kiA'^ 7^ then for all sufficiently large r, we have 

kiai G n kiA'^ and d{kiai,k2a2) > ar for some constant a depending 
only on Xp. This is a contradiction. 

■ 

The proof of Lemma 8.5 only requires the case of Lemma 8.7 for o" = 0. 
However, the full form of Lemma 8.7 is needed for the construction of d(j) 

The a.e. defined boundary function. Let N < H he the normalizer of 
A < H. Let B{G) be the Tits building for X. We define Ug as the simplicial 
subcomplex of 13(G) given by 

Ud= \J \J hnA-^ {00). 

heUnGN 

We are prepared to define 

d(l):Ua^ B{G) 

using Lemma 8.5. We let d(j){hA'^ {00)) = kA'^{oo) where A; G ^ is such that 
cl>hA{hA+) ^^^,ikA+). 

That d(p is well-defined, and restricts to an isomorphism of Ug onto its 
image, follows from Step 4 of [Esj using our Lemma 8.7 in place of Lemma 
B.7 in jEsj . 

Flats are preserved. In Section 6, we complete d(j) to an automorphism 
of B{G). In Lemma 6.7, we use that apartments in B{G) that are contained 
in Ug, are mapped to apartments by d(j). This is the content of the lemma 
below. The proof is from Proposition 3.3 |Esj . but we include it here as it 
is brief. 
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Lemma 8.8 If F G il, then there is a flat F' Q X such that (ppiF) Q 
mhdNiF'). 

Proof: Corresponding to (j)F{F) C X there is a finite set C{4>f) ^ ^ of 
limit points (see |Wlj ). Intuitively C{cj)F) is a set of equivalence classes for 
finitely many Weyl chambers £i, ...Cfc C X such that 

Hd {(pFiF) , Ui^i) < cx). 

Choose x,y £ C{(j)F) that are opposite chambers in B{G). (That such 
chambers exist is shown in |Wlj .) Since d(f) preserves incidence relations, 
del) is Tits distance nonincr easing. Therefore, 50"^ (x) and d(f)~'^{y) are 
opposite. 

Any chamber c C F{oo) is contained in a minimal gallery between d(f)^^{x) 
and d(j)~^{y). Hence, d(j){c) is contained in a minimal gallery from x to y. 
That is, d(j){c) is a chamber in the unique apartment containing x and y. 
Now let F' C X be the unique flat such that F{oo) contains x and y. 



Countable subcomplexes. In Section 6 we use the following lemma to 
find a "global sub-building" of B{G) contained in Uq. 

Lemma 8.9 If V is a countable collection of chambers in Uq, then there is 
some h € H such that V C hUg. 

Proof: For each number i G N, we choose a chamber Cj C B{G) such that 
V = {ci}^^. Define the set 

Ui = {g£H\gciO Ua}. 

Note that Ui O H is co-null, so Ci^iUi is co-null. Hence, there exists some 
h~^ £ n'^^Ui, and h satisfies the lemma. 



9. Continuity of the boundary function on neigh- 
borhoods of faces 

To complete d(p to an automorphism of B{G) in Section 6, we use that 
d4> restricts to a continuous map on simplicial neighborhoods of (n — 2)- 
dimensional simplices. Precisely, we use Lemma 9.4 below. 

As with Lemma 8.5 in the previous section, our Lemma 9.4 follows from 
the proof of the analogous Lemma 5.3 in jEsj once a few foundational lem- 
mas are provided for products of symmetric spaces and Euclidean buildings. 
What we require are replacements for Lemmas B.4, B.6, and B.8 in |Esj . 
Their analogues are listed below as Lemmas 9.1, 9.2, and 9.3 respectively. 

Recall that we defined a metric on X in the early portion of Section 6. We 
can assume that the metric is invariant under the action of ^. Equivalently, 
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we assume that the basepoint used to define the metric d is the coset K £ 
H/R C X. 

Lemma 9.1 There are constants ui, vi, and 1/3 depending on X, such that 
if ki £ Zi £ kiA^ with d{zi, Z2) < fir, and d{zi, kidA^) > 1^2^ where r is 
sufficiently large, then 

d{kiA'^{oo),k2A'^{oo)) < exp(— z/3r). 



Proof: The hypotheses imply the analogous hypotheses on each factor, X^o 
and Xp. On the symmetric space factor the result is implied by Lemma B.4 
of |Esj . and since we have endowed X with the box metric, the result follows 
once we establish the lemma for the case that X is a Euclidean building. 

Supposing Xp is a Euclidean building, we let 1^1 = 1/2 and ^2 = 1. For 
the Weyl chamber A'^ C X, we let a > 1 be the constant such that the 
basepoints of the sectors A'^ and A'^ — Nhhdr{dA'^) are at distance ar from 
each other for all r > 0. Clearly a depends only on Xp. We let 1^3 = a/2. 

We can assume, by repositioning the direction of the geodesic rays used 
to define d, that 7_4+ contains the point that the sector A'^ — NhhdridA'^) 
is based at. Indeed, our choice that 7yi+(oo) G ^"'"(00) is the center of mass 
was completely arbitrary and any point in the interior of ^^(00) would 
suffice. 

Now we proceed by forcing a contradiction. That is we assume that 
d{kiA'^ {00) , k2A'^ {00)) > exp(— ar/2). Then 7^^_4+ 07^2^-1- is a geodesic seg- 
ment with distinct endpoints ^,x£ Xp, that satisfy the inequality d{A, x) < 
ar/2. 

Let Wx C kiA be a wall containing x and such that the closure of the 
component of kiA — Wx containing ^ also contains kiA~^ D k2A'^. Note 
that the point zi £ kiA'^ — Nhh.dr{kidA^) is in the opposite component of 
kiA — Wx by our choice of a. Also by our choice of a, 

d{zi,Wx)>r/2. 

If c C kiA'^ is a chamber containing x, but not contained in /c2^^, then 
the retraction 

PkxA,<: ■ kiA 

corresponding to the apartment kiA and to the chamber c, maps Z2 to the 
component of kiA — Wx containing M.. 

Therefore, the geodesic segment from zi to PkiA,ciz2) passes through Wx- 
Hence, 

dizi,Z2) > d{zi,pk^_A,^,{z2)) 

>dizi,Wx) 
> r/2. 

This completes our contradiction. 
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Lemma 9.2 There is a constant 1/4 depending on X such that for sufficiently 
large numbers Q and any ki,k2 £ ^, there are Zi £ kiA'^ satisfying: 

(i) d{zi,Z2) <Q 

{ii) d(zi,e) < 1^4] log (d(fci^"'"(oo), A;2^^(cxd)) I , and 
(m) d{zi, kidA'^) > z^sl log (d(A;i^+(oo), fc2^+(cx))) | 
for some constant which depends on Q and on X. 

Proof: Again we prove the lemma for the case X = Xp. The case X = X^o 
is Lemma B.6 of |Esj . and the Lemma 9.2 follows from the lemmas for each 
case. 

If Xp is a Euclidean building, and if kiA'^ H k2A'^ does not contain a 
chamber of Xp, then choose zi G 'lkiA+ Z2 G lk2A+ be distance 1 
away from ^. Then the conclusion of the lemma is satisfied for all Q > by 
z^4=l and some which depends only on the angle between and dA'^ . 

If kiA'^ n k2A'^ does contain a chamber of X, then let zi = Z2 £ kiA'^ H 
k2A'^ be the endpoint of '^kiA+ ^lk2A+ ■ Now the lemma holds for any Q > 0, 
2^4 = 1, and some ^5 that depends only on the angle between 7^4+ and dA'^. 



Lemma 9.3 Let x,y E X . For any Weyl chamber <tx ^ based at x, there 
is a Weyl chamber <ty <^ X based at y such that 

Hd(e:^, (Hy) < X'd{x,y) 

for some constant A'. 

Proof: The lemma follows from Lemma B.8 of |Esj . and from Lemma 4.3 
of |WT] . 

■ 

Recall that n is the rank of X and that for any (n— 2)-dimensional simplex 
f CUq, we defined Mu{f) as the set of all chambers in Uq that contain /. 

We can apply the proof of Lemma 5.3 in |Esj by replacing Lemmas B.4, 
B.6, and B.8 of |Esj with the three lemmas above to show: 

Lemma 9.4 If f C Uq is a simplex of dimension n — 2, then d(p\j^^(^f^ is 
continuous in the Furstenberg metric. 

Note that Lemma 5.3 of |Esj claims that dcplj^^i^c) is bi-Holder. We only 
require i9(/'|A/'t7(c) to be continuous as our method for completing d(p is more 
algebraic, and less topological, than Eskin's. 

The condition that chambers share a wall in the above lemma is needed 
so that two Weyl chambers can be simultaneously slid along a common wall 
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until they are based at points in A''(r) — the set our quasi-isometry is defined 
on. The shding technique does not change their Furstenberg distance. 
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